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Abstract- In this paper, we derive two new summation formulae for a class of series involving I — functions of
several variables. These functions, which generalize many known special functions, play a crucial role in
various branches of Mathematical analysis and applied Mathematics. By employing suitable techniques of
summation and transformation, we establish compact and elegant expressions for these series under certain
convergence conditions. These results contribute to the ongoing development of summation theorems for
generalized special functions and may further applications in Mathematical analysis.
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1. Introduction

Notations and Results used:

(a), stands for a(a+1).(a+n—-1).

[(a+n) ) (1.1)

(a), = F(a) N>

| : O . O . ) .
](aj;a;),...,aj(.’);Aj)pStandS for (al,oz1 e @) ,Al),(az,oz2 e Oy ,A2),...,(ap,ap e ,Ap).

The generalized Fox’s H-function, namely I-function of r-variables introduced by Prathima, Nambisan,

and Santha Kumari [4, p.38] is defined and represented as:

z, 1(aj;ocf}l),...,ocf,’);Aj),, : 1(cﬁ.l), ;l);Cﬁl))pl;...; l(cﬁr),yg");CE’))p’
0,n: my,nys.;m, n,

Pq: Prsqis-sProdr

a0 0. g0 SO0y . (g0 s0). )
2,0 s 5By (@, 8000 5 (@), 805D,

[ [0.5)-0.(5,) ¢ (515,) 2.2 ds,..ds,, (1.2)

1
Qre); |

where ¢ (s,,...,5,) and O.(s,), i=12,...,r are given by,
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T )
nr (1—aj+;aj 5,)

¢ (815-8,) =~ - IR -
ar f(1—bj+;ﬂj s) ILT f(aj—;aj s,)
(1.3)
ar? g —
I (d; S)HF (1 c +7/ S) 4
0,(s)=—— o (1.4)
_le’(l d +5 S)le (c 7S
J=m;+ J=n;+

Also z,#0 (i=1,...,7), @=~N-1, m;,n,,p,.q, (j=1,...7) ,n,p ,q are non-negative integers
such that O0<n<p, ¢=0, 0<m,<q,, 0<n,<p, (j=L2..,r) (not all zero
simultaneously). &) (j=12,...p, i=12...r), B (j=L2q, i=12,.,r),
yy) (j=12,.,p,, i=12,..,r),and 5/@ (j=12.,q,i=12,.,7) are positive  numbers.
aj (j:1,2,...,p), bj (j = 1’2""’q)’ cls‘i) (jzlnza'"!p,‘, i:172""7r):and

dﬁi) (j=1,2,...,qi,i=1,2,._.,r) are  complex numbers. The exponents 4,(j=12,...,p),
B, (j=12,..q), C(j=12y,p,i=12,..,r), andDY (j=12,...q,, i=12,..,r) of

various gamma functions may take non integer values. The /-function of r-variables is analytic
if

v =3 4a" ZB,B +Zc iD s <0,i=1,2,..

=

The integral (1.2) converges absolutely if ‘ arg ‘ <—Ag7x, i=12,. where

r i . .
A== 4a" ZB ,8()+ZD()5() S ps

J=m;+1
7 . X Pi X .
T e e Y LA B
Jj=1 J=n;+1
For further details refer [4].

Dixon’s theorem [2]

r(1495)T(1+a=b)T(1+a-c)T(1+9)~b~c)

T(1+a)0 (1495 -b)T (1495 ~c|T (14+a-b-c)’

Fz[a,b,c; 1+a—b,1+a—c;1]

(1.6)
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provided Re(a—2b-2¢)>-2

3F2[a,b,c; d,e;x]zi%i—:. (1.7)

Sharma B.L, [7]

, :T50;
| 7 eSS @O,
a 2a,5(l+ﬂ+t+5):_;_; m—On—O(Za)”Hn(l-f_ﬂ;—t—’_d) min
_LOrG+a)L(rifraT+io) Gra—if-3T—40) o
LGB (G+3T+30)T(G+a—3p)T (3+a—3T-30) |

provided Re(2a—B-T-6)>-1.

2. Result - I: A summation formula for a series involving I-functions of several variables

z| 1, z |1,
00
Z(b)k (C)kIO,n: mm+3 5 .imn, : :IO,n: mom+4 . m,,n, 21
k! PP +3.q1+35 5D g, ' Pg:p+4q +4 s, : 4 ( : )
k=0 .
z. |1, z |1,

where

I = ](aj;a;.”,...,a;");Aj )p:(l—a—k,/l;l),(—a+b,l;1),(—a+c,l;1), ] (cﬁ.”,y}”;C‘.”)p‘ el (c(."’,;/;";C(.’) )pr ,

J J J

L= (6B fiB)) 2 (d7.87:D0) [(1-a i) (a+b=k A1) (~a+ e~k A1) (47,67:D)7) s (d).87:D)

qr

— <D (. . A- . . A- @ M. ~MY L ) o, (). ()
L= (a0 ai4) (-4 40)(ca+b ). (are i) (~s+bresil), (¢ 7C0) s (€ 7C)

| r

1= (b3 BB 2 (.67:D)) (-adit). (-5 +b4:0) (-5 el) (arbredil)s (d7.67:D0) s (d).67:0)
provided
(i)2>0,
()
(i1) Rc{2+a —2b—2c+A 5’_’0) } >0, j=12.,m, i=12..,r,
J

1
(111)|arg(zi)|<5Ai7Z',i =1,2,...,r>

where A is given by (1.5) .
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Proof:

Express the /-function of - variables on the left-hand side of (2.1) as a contour integral using (1.2), then
simplify it by successively applying (1.7) and (1.6), leading to a reduced form. Finally, by interpreting
this resulting integral with the help of (1.2), we arrive the right-hand side of (2.1).

3. Special Cases:

When r =2, (2.1) reduces to:

11

_ IO,n: mom+4 ;5 my,n Z ]3
I T PaptAhat4 D, z
2 2

i(b)k(C)kIO,n: mom+3 5 my.n, Z (31)
k! 1

P-4:P1+3:q143; 254> z
k=0 2

where

I, =l(aj;aj(.l),aj(.z);Aj)p:(l—a—k,/l;l),(—a+b,/1;1),(—a+c,/1;1),l(cﬁ.”,yﬁl);Cﬁl)) ;l(cﬁz),}/j(.z);Cj(.z)) ,

4 P2

= 0 B) (00

(1=a, 41),(—a+b—k,Z;1),(—a+c—k,A;1); l(dj.z’,cS}z);Df)) ,

@ Lel

L= (aj;a;]),ajz);A,)p:(—%,%;1),(—a+b,ﬂv;1),(—a+c,/1;1),(—§+b+c i'l),l(c}”,yj.”;cj(.”)

22

. 2 2. 2
;](Cj ayj >C/ ) >

P P2

L= (BB BB) ¢ (d0.60D0) (- kit)(—5+b 1), (~+edil).(carbra zil)s (4. 60:D7) |

% 9

provided that the conditions are similar to that of (2.1) with r=2.

Put n=p=¢=0, r=1, and specializing the parameters in (2.1), (2.1) reduces to:

= (b)k (C)k m 3 1 m n+4 [3
Z k' [p1+3'f;'+3 1 = Ip+4,:;+4 Zl (3-2)
k=0 . 2 4

where

I =(1-a-k,A;1),(—a+b,A;1),(—a +c, A1) (cﬁl),y{i.l);Cj(.l) )p ,

1

L= (a0,6":D") ,(1-a,1),(-a+b—k,:1),(-a+c—k A1),

q

I, =(—%,%;l),(—a+b,/1;1),(—a+c,/1;l),(—§+b+c i'l), 1 (c}l),yj(.l);C;l)) ,

52
2 p

L= (a0,60;:D") ,(=a,2:1),(=4+b,4:1),(~4+¢.%31),(~a+b+c, A1)

q

provided that the conditions are similar to that of (2.1) with n=p=¢ =0 and r=1.
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4. Result - II: A Summation formula for a double series involving I-function of several variables

z |1,
z Z a)|+(()2 (T) (5)a)2 Io'n:, my m+2 ;'4.4;.m,,nr :
et 1+ﬂ+T+5 Pgp+2.G1+25 5P, o4,
— oo, z |1
2 r|T2
O+,
z |1
N(L42 4749 s
_F(z)r(2+2+2+2) 0 my m+2 5...5m, ,n, (4 1)
o 1,8 L, T, 8\ Pent2a+2..p.q, | ° :
C(4+4)T(4+5+3) /
Zr 4

where,

Ilzl(aj,aj”, ;");Aj)p:(l—a—a)l—a)z,/l;l),(l—Za,bl;l),l(cﬁl), ;”;Cj(.”) St (j’),}/(’) C(’)) ,

P Pr

L= (038 fiB)) 2 (d.6":D") (1-a.1).,(1-2a -~ @, 221); (d2.67:D) s (d7.6:D)

_ M . (1 . 1 BT .5 3. o 0. ~O) .. ). ()
I, = (a s, ,Aj.)p.(5—a,/l,l),(g—a+7+7+5,/1,l), ( ;G )p,. (j 775G ),,

= (3B BB)) + (d1.6:D0) (t-a+ b A1) (3-a+ 545 250); (d7.67:D7) o (d).67:D)")
provided
iH)1>0,

d (i)

(i1) Re{ J>0 j=12,,m, =127,

.1
1 .
(111)|arg(zl_)|<§Ai7r,l =12,...,r

where A, is given by (1.5) .

5. Special Cases:

When r =2, (4.1) becomes:

i i w,+wz (T) (5)@2 IO,n: mym+2 5 my,n, |:Zl

[1
P4 +2.41+2:p2 .42
@ =0 2,=0 w oo, 2|1,
) 1-%
)+,

I, s
_ 2ttty T 2) 0n: my m+2 5 my,n, Z) ]3
(1B | LT 6\ Papt2atZip.g , (5.1)
C(4+4)T(1+5+9) 2|1
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where

1= 1(aj;ozj‘.”,aj(?);Aj)p:(l—oz—a)1 — @, A31),(1-20,241), (cj.l),J/;l);Cj('l))pl ) (C_ﬁz),yjz);cj.z))pz

L= (0;:5".57:B)) : 1(dj.“,5j.”;Dj.“)ql (-, 1), (1-2a -0, - o,,24;1); (d7,67;D))

9

— . (2). (1 . 1 LT85 3. o 0.~ . 2 2. ~(2)
L= (aza).a?:4) ((3-a.l),(s-a+5+5+5.41). (¢).7":CP) 1 (€7.77:C7)

o~
Il

(BB BPB,) - (4 605D0), (5 £ ) (b o ), (42,575 0).

provided that the conditions are similar to that of (4.1) with » = 2.

When n=p=¢g=0 and r =1 and specializing the parameters of (5.1), (5.1) reduces to:

]1
z
12

= = (ﬁ)@ +, (T)a), (5)502 m, n+2
2,2 2727+ ’{

2 j o w,!
a+o,

=0 ,=0

TQr(seEed) L T
F(3+4)T(3+5+2) 77 I, (52)

where

L=(1-a-o —a)z,/l;l),(l—2a,2/1;1),l(cﬁ.”,){f.”;cj(.”) ,

P

1= 1(d}1>,5}1>;D;1>)ql (1=, 431),(1-2a -0, - 0,,24;1),

_(1 . 1 BT ,8 3. @ M. 1
13—(3—05,/1,1),(3—a+7+5+7,/1,1),l(cj g ’Cj ) ,

P

1 J

I, = (dj('l)"sj('l);D('l))ql ,(%—a+§,i;1),(%—a+§+§,l;l) )
provided that the conditions are similar to that of (4.1) with n=p=¢g=0 and r=1.

When C{" = DI =1, (5.2) reduces to the result involving the H-functions of one variable.

i i (ﬂ)(u, +w, (T)w, (5)(»2 I_]m,2n+22 |:Z
p+i,q+
(Hﬂ”w‘j 010,
2 )+,
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where

L=(l-a-o —a)z,/l),(l—Za,Z/i),l(cﬁl),yy))p] ’
I, = l(d](n,dj(,l))q (1-a,2),(1-2a -0, - ,,22),

_(1 1 B T.,6 @ 0
13—(E—Q,/l),(g—a+7+7+5,ﬂ.),I(Cj ’7/j )pl,

L= (a.8"),.(3-a+5.4).G-a+3+5.4).

q

provided that the conditions are similar to that of (4.1) with n=p=¢=0, Ct_” = Dﬁ.“ =1and r=1.
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